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Abstract
This paper presents a new numerical model for the nonlinear inelastic analysis of biaxially loaded 
high strength thin-walled rectangular concrete-filled steel tubular (CFST) slender beam-columns. The 
numerical model considers the effects of progressive local buckling, initial geometric imperfections, 
high strength materials and second order. The accurate fiber element method is used to model the 
inelastic behavior of composite cross-sections. Theoretical models are developed that simulate the 
load-deflection responses and strength envelopes of thin-walled rectangular CFST slender beam-
columns under biaxial loads. New computational algorithms based on the M ller’s method are 
developed to adjust the depth and orientation of the neutral axis and the curvature at the columns ends 
to obtain nonlinear solutions. The numerical model developed is shown to be an accurate and efficient 
computer simulation and design tool for biaxially loaded high strength thin-walled rectangular CFST 
slender beam-columns with large depth-to-thickness ratios. The verification and applications of the 
numerical model are described in a companion paper. 
1. Introduction 
Although high strength thin-walled rectangular concrete-filled steel tubular (CFST) slender 
beam-columns are frequently used in high-rise composite buildings, efficient analysis and 
design methods for these columns have not been developed owing to the lack of experimental 
and numerical research on this type of composite columns. The use of the high strength thin-
walled rectangular steel tubes leads to economical designs but may cause local buckling that 
reduces the ultimate strengths of CFST columns. The effects of local buckling have not been 
considered in existing methods for the inelastic stability analysis of thin-walled CFST slender 
beam-columns under biaxial bending. These methods may overestimate the ultimate strengths 
of thin-walled CFST beam-columns. This paper aims to develop a numerical model for 
simulating the local and global buckling behavior of high strength thin-walled rectangular 
CFST slender beam-columns under combined axial load and biaxial bending.  
Test results indicated that the confinement effect provided by the rectangular steel tube did 
not increase the compressive strength of the concrete core in a rectangular CFST column but 
significantly improved its ductility (Furlong, 1967; Knowles and Park, 1969; Schneider, 1998; 
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Han, 2002; Fujimoto et al. 2004). Ge and Usami (1992) tested six thin-walled square CFST 
columns with and without internal stiffeners under cyclic compressive loads. It was observed 
that thin steel plates buckled locally outward. Bridge and O’Shea (1998) conducted tests to 
determine the strengths of axially loaded short thin-walled CFST columns with width-to-
thickness ratios ranging from 37 to 130. Liang et al. (2007) proposed a set of effective 
strength and width formulas for the design of steel plates in thin-walled CFST beam-columns. 
Very few experimental studies on CFST slender beam-columns under biaxial loads have been 
conducted. Bridge (1976) carried out tests on normal strength square CFST slender beam-
columns under axial load and biaxial bending. The experimental behavior of biaxially loaded 
rectangular CFST slender beam-columns was examined by Shakir-Khalil and Zeghiche (1989) 
and Shakir-Khalil and Mouli (1990).   
Analytical and numerical models have been developed by researchers for determining the 
behavior of CFST columns. Lakshmi and Shanmugam (2002) presented a semi-analytical 
method for modeling the behavior of rectangular CFST slender beam-columns under biaxial 
bending. However, the semi-analytical model does not account for the effects of concrete 
tensile strength, steel strain hardening and local buckling on the strength and ductility of 
rectangular CFST beam-columns. Liang (2009) and Patel et al. (2012a) developed numerical 
models for the nonlinear analysis of biaxially loaded thin-walled CFST short columns and 
uniaxially loaded slender beam-columns with local buckling effects.  
In this paper, a new numerical model is presented for simulating the behavior of high strength 
thin-walled rectangular CFST slender beam-columns under axial load and biaxial bending 
(Liang et al. 2012). The fiber element analysis of cross-sections is described that incorporates 
the effects of local and post-local buckling of steel tube walls under stress gradients. 
Computational procedures for modeling the load-deflection responses and strength envelopes 
of thin-walled CFST slender beam-columns under biaxial loads are given. The verification 
and applications of the numerical model are provided in a companion paper (Patel et al.
2012b). 
2. Fiber Element Analysis of Sections  
The cross-section of a rectangular CFST beam-column is discretized into fiber elements as 
depicted in Fig. 1. Each fiber element can be assigned either steel or concrete material 
properties. The numerical model assumes that plane section remains plane after deformation. 
This leads to a linear strain distribution through the depth of the section. The fiber strains can 
be calculated from the curvature , the depth nd  and orientation  of the neutral axis. 
For oo 900 , the concrete and steel fiber strains can be calculated by the following 















  (2) 
where B and D are the width and depth of the rectangular column section respectively, xi  and 
yi are the coordinates of fiber i and i  is the strain at the ith fiber element and yn,i is the 
distance from the centroid of each fiber to the neutral axis. For o90 , the beam-column is 
subjected to uniaxial bending and fiber strain calculation is given by Liang (2009). Fiber 
stresses are calculated from fiber strains using the material uniaxial stress-strain relationships. 
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Internal axial force and moments acting on a cross-section are determined as stress resultants 
in the cross-section (Liang 2009). 
Figure 1: Fiber element discretization of CFST column section
3. Material Constitutive Models for Concrete and Structural Steels  
As noted that the confinement effect increases the ductility of the concrete core in a 
rectangular CFST column. This effect is considered in the stress-strain curve for concrete in 
rectangular CFST columns suggested by Liang (2009) as shown in Fig. 2(a). This constitutive 
law for concrete is adopted in the present numerical model. 
                         (a)                                                            (b)  
Figure 2: Material models: (a) Concrete (b) Structural steels   
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where c is the compressive concrete stress, f’cc is the effective compressive strength of 
concrete, c is the concrete compressive strain and ’cc is the strain at f’cc and Ec is the 
Young’s modulus of concrete. The strain ’cc is between 0.002 and 0.003 depending on the 
effective compressive strength of concrete (Liang, 2009). 
The parts A to D of the stress-strain curve for concrete as shown in Fig. 2(a) is modeled by 















where c reflects the confinement effect on the concrete ductility and it is equal to 1.0 when 
the D/t  ratio is less than 24 and is taken as 0.5 when the D/t ratio is greater than 48. For D/t
ratio between 24 and 48, c is determined as (1.5 – D/48t) as suggested by Liang (2009). The 
effective compressive strength of concrete (f’cc) is influenced by the column size, the quality 
of the concrete and the loading rates. In this study, f’cc is calculated as cf’c. The reduction 
factor c was proposed by Liang (2009) to account for the column size effect on the 
compressive strength of concrete and is taken as c = 1.85 Dc
-0.135
, where Dc is the diameter of 
the concrete core and taken as the larger of tB 2  and tD 2  for a rectangular cross-
section.                          
The stress-strain relationship for concrete in tension as depicted in Fig. 2(a) assumes that the 
tension stress increases linearly with an increase in tensile strain up to concrete cracking. 
After concrete cracking, the tensile stress decreases linearly to zero as the concrete softens. 
The ultimate tensile strain is taken as 10 times of the strain at cracking. 
Steel tubes are usually made of high strength structural steel, cold-formed steel or mild 
structural steel. For mild structural steels, an idealized tri-linear stress-strain curve is assumed 
as shown in Fig. 2(b). An idealized linear-rounded-linear stress-strain curve is used for cold-
formed steels. The rounded part in the curve can be modeled by a formula proposed by Liang 
(2009). For high strength steels, the rounded part is replaced by a straight line.  
4. Local and Post-local Buckling  
The effects of local and post-local buckling are taken into account in the numerical model. 
For a CFST column under axial load and biaxial bending, the steel tube walls may be 
subjected to compressive stress gradients as depicted in Fig. 3. The formulas proposed by 
Liang et al. (2007) are incorporated in the numerical model to determine the initial local 
buckling stresses of the steel tube walls under stress gradients. The post-local buckling 
strength of thin steel plates under uniform or stress gradients as shown in Fig. 3 can be 
described by the effective width concept. The effective widths be1 and be2 shown in Fig. 3 are 
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where  = 1 - s and s is the stress gradient coefficient which is the ratio of the minimum 
edge stress 2  to the maximum edge stress 1 applied to the plate. 
The effective strength concept can also be used to describe the post-local buckling behavior 
of thin steel plates. The ultimate strengths of steel plates under a stress gradient greater than 







.   (9) 
in which u is the ultimate stress corresponding to the maximum edge stress  at the 
ultimate state and u is the ultimate strength of the steel plate under uniform compression 
(Liang et al. 2007).  
The progressive post-local buckling is modeled by gradually redistributing the normal 
stresses within the rectangular steel tube walls based on the stress levels as suggested by 
Liang (2009). The stresses of steel fibers located within ineffective areas are assigned to a 
zero value as shown in Fig. 3. After initial local buckling, steel fiber stresses are updated to 
account for post-local buckling effects.  
Figure 3: Steel walls under stress gradients
5. Load-deflection Responses 
The part-sine displacement function is used to describe the deflected shape of a pin-ended 
rectangular CFST beam-column. The load-deflection curve is generated by using the 
deflection control method, in which the deflection at the mid-height of the beam-column is 
incrementally increased until the deflection limit is reached or the ultimate axial load is 
obtained. The curvature at the mid-height of the beam-column can be obtained from the 
displacement function as 
mm uL
2
  (10) 
where L is the effective length of the beam-column and um is the mid-height deflection of the 
CFST beam-column. The external moment at the mid-height of the beam-column with initial 
geometric imperfection uo and under eccentric loading can be calculated by  
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where P is the applied axial load and e  the eccentricity of the applied load. 
The analysis procedure is given as follows: 
(1) Initialize the mid-height deflection of the beam-column: um = um;
(2) Calculate the curvature m at the mid-height of the beam-column; 
(3) Adjust the neutral axis depth dn using the Müller’s method; 
(4) Calculate the P and M from the moment-curvature relationship; 
(5) Repeat Steps (3) to (4) until |ram| = |Mme Mmi| < k ( k = 10
-4); 
(6) Adjust the orientation of the neural axis using the Müller’s method; 
(7) Calculate r
b
m = tan Mv Mx ;
(8) Repeat Steps (3) to (7) until |r
b
m| < k;
(9) Increase the deflection at mid-height of the column by um = um + um;
(10) Repeat Steps (2) to (9) until the ultimate load Pu is obtained or deflection limit is 
reached. 
6. Strength Envelopes  
For a given load increment (Pn) applied at a fixed load angle ( ), the ultimate bending 
strength of a slender beam-column is determined as the maximum moment that can be 
applied to the columns ends. The moment equilibrium is maintained at the mid-height of the 
beam-column. The external moment at the mid-height of the beam-column is given by 
omneme uuPMM (12)
where Me is the moment at the column ends. The deflection at the mid-height of the slender 
beam-column can be calculated from the curvature as  
mm Lu
2
  (13) 
To develop the strength envelope, the curvature at the mid-height of the beam-column is 
gradually increased and the corresponding internal moment is computed by the moment-
curvature responses. The curvature at the column ends is adjusted and the corresponding 
moment at the column ends is calculated until the maximum moment at the column ends is 
obtained. The axial load is increased and the strength envelope of the slender beam-column 
can be generated by repeating the above process.    
The main steps of the computational procedure are described as follows:  
(1) Calculate the ultimate axial load Poa of axially loaded slender beam-column;  
(2) Initialize the applied axial load Pn;
(3) Initialize the curvature at the mid-height of the beam-column m = m;
(4) Compute the mid-height deflection um from the curvature m;
(5) Adjust the depth of the neutral axis an using the Müller’s method;  
(6) Calculate resultant force P considering local buckling;  
(7) Repeat Steps (5)-(6) until |r
c
m| = |Pn  P| < k;
(8) Adjust the orientation of the neutral axis ( ) using the Müller’s method; 
(9) Repeat Steps (5)-(8) until |rbm| = |tan  My/Mx| < k;
(10) Compute the internal resultant moment Mmi;
(11) Adjust the curvature at the column end e using the Müller’s method; 
(12) Compute the moment Me at the column ends with local buckling effects; 
(13) Repeat Steps (11)-(12) until r
a
m| = |Mme Mmi| < k;
(14) Increase the curvature at the mid-height by m = m m;
(15) Repeat Steps (4)-(14) until the ultimate bending strength Mn is obtained; 
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(16) Increase the axial load by Pn = Pn + Pn, where Pn = Poa/10; 
(17) Repeat Steps (4)-(16) until the maximum increment load is reached. 
7. Müller’s Method Algorithms 
The Müller’s method algorithms are developed for rectangular CFST slender beam-columns 
under biaxial bending to obtain nonlinear solutions. The depth )( nd and orientation )(  of the 
neutral axis and the curvature ( e) at the column ends of a slender beam-column are design 
variables which are denoted herein by . The Müller’s method requires three starting values 
of the design variables 1 , 2  and 3 . The corresponding force or moment residuals rm,1, rm,2
and rm,3 are calculated based on three initial design variables. The depth and orientation of the 























b   (16) 
3,mm rc   (17) 
The sign of the square room term in the denominator of Eq. (14) is taken as the same as bm.
The values of 1, 2 and 3 and corresponding residual moments rm,1, rm,2 and rm,3 need to 
switch (Patel et al. 2012a).  
8. Conclusions 
An effective numerical model for simulating the behavior of biaxially loaded high strength 
thin-walled rectangular CFST slender beam-columns has been presented in this paper. 
Computational procedures with efficient solution strategies have been proposed that 
determine the load-deflection responses and strength envelopes of high strength thin-walled 
rectangular CFST slender beam-columns with local buckling effects. The innovative aspect 
of the proposed model is the incorporation of the progressive local buckling into the global 
inelastic stability analysis of thin-walled rectangular CFST slender beam-columns under 
combined axial load and biaxial bending. This allows for high strength thin-walled 
rectangular CFST slender beam-columns made of compact, non-compact or slender steel tube 
sections under biaxial loads to be analyzed and designed. It overcomes the limitations of the 
existing plastic analysis and design methods that do not permit non-compact or slender steel 
sections to be used. The verification and applications of the numerical model are given in a 
companion paper presented by Patel et al. (2012b). 
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